Abstract-Fueled power systems using secondary energy storage are analyzed. A generic model of such systems is suggested, and an optimal power management strategy that maximizes efficiency is derived analytically. The model and optimal management solution emphasizes the constraint imposed by finite storage capacity. The optimal generated energy is established independently of the system's capacity, and load, and general characteristics of it are derived and proved. The analytic solution provides an intuitive comprehension into the optimal power management, without needing numeric simulations.
I. INTRODUCTION
E NERGY storage can improve the power management of power systems. The energy storage device, referred to as an accumulator, or a reservoir, stores excess energy at times when the power demand is low. The accumulated energy can be used at later times when the main source cannot supply the energy needed, or when generation is more difficult or expensive. By properly managing the flow of power, the efficiency and maximum power can be increased.
Energy storage systems may be classified by functionality. Uninterruptible power supply (UPS) systems provide emergency power during utility failure. The energy storage of UPS systems is particularly important in microgrids [1] . Vehicles and heavy machinery use energy storage to allow for regenerative braking [2] . Energy storage is also essential in any pulsed power systems [3] . In renewable power systems, the storage introduces a degree of freedom: the instantaneous power generated does not need to be equal to the instantaneous power consumed by the load. This decoupling allows the renewable generator to be operated at its maximum power point (MPP) at all times, regardless of the load demand. Thus, the maximum available energy is harvested [4] - [10] . Smaller-scale reservoirs in the form of bulk capacitors are commonly employed in power electronics systems to balance the instantaneous difference between ac and dc powers such as in rectifiers [11] , [12] and inverters [11] , [13] . It should be noted that optimal power management and energy storage is a critical issue even in very-low-power systems such as in single solar cell powered wireless sensor, in the mWatts range [10] , [13] , and in micropower energy harvesting, in the range [14] . In contrast to sustainable energy based power sources, fueled power sources, have a finite primary energy reserve. Thus, increasing the fuel utilization efficiency allows for extended operation-time, or alternatively, reduction of overall fuel consumption for a given mission. Load balancing has the potential to increase the overall system's efficiency. For instance, storage can balance the power output of a diesel generator while increasing its efficiency [15] . Elevator and crane systems can also be augmented by energy reservoirs [16] , [17] . Load balancing is also applied in power grids, using large-scale pumped hydro reservoirs [18] . To some extent, regenerative fuel cells may be regarded as energy reservoirs [19] , [20] . On the other hand, due to the low efficiency of fuel (such as hydrogen for PEM cells) regeneration, they should probably be regarded as generator components of a power system. In any case, the fuel cells themselves are complex power systems that attract considerable research effort aiming at their optimization. For instance, fuelcells are often augmented by capacitor banks that compensate for the fuelcell's slow dynamics, enabling the fuel cell system to respond to dynamic load variations [19] , [20] . Inclusion of energy storage in hybrid and electrical vehicles where it increases the peak power compliance and allows one to recover excess kinetic energy (regenerative breaking) has received vast attention [21] - [24] . Similarly, super-capacitors can increase the efficiency of railway vehicles [25] .
These earlier studies describe numeric solutions to optimal power management of energy storage. However, no analytical solutions for optimized power flow have been provided. This work suggests an analytic design method for the optimal energy storage of fueled systems, while emphasizing the constraint of storage capacity. System designers may apply the design method to choose the optimal storage capacity for a given generator and load, thus optimizing the efficiency of the system versus its size, weight, and cost. The design approach is applicable for large-scale systems, as well as small-scale systems such as portable devices. Unlike computer simulation results, the analytic solution is simple enough to be generalized and comprehended, and provides physical intuitions regarding the optimal power management of the energy storage and the optimal storage capacity.
Wireless sensor networks (WSNs), particularly those that are powered by harvested power sources, represent another application field where the performance (and even survivability) depends critically on power management and control [28] - [30] .
It should be noted that the suggested power management is applicable only to fueled power sources. Conversely, harvested energy type of power sources should be operated at their MPP at all times, so their control is actually predefined. 
II. MODELING A POWER SYSTEM WITH ENERGY STORAGE
The model presented in this work is generalized and simplified. Thus, it may be applied for studying a wide range of actual systems. We adopt an idealized mathematical approach, allowing us to formulate a clear optimization problem. Similar idealization of the model has been applied for power systems optimization [26] , [27] .
A. Power System Representation
A unified model is shown in Fig. 1 . The system consists of a fueled source, a load, an energy reservoir, and a power conditioning hardware. The power conditioning controls the flow of power generated by the source. Power can be either directly consumed by the load or stored in the reservoir for later use.
1) The Generator : The source is fueled; it converts the fuel's chemical energy into electric power. It is characterized by a fuel consumption function depending on the generated power , and by a resultant efficiency to power dependence, both given by (1) ( 1) where is the power generated by the generator at time , measured in units of [Watt] . The amount of power generated is controlled by the power conditioning network.
is the fuel consumption function-defining the dependence of fuel consumption on generated power.
is the fuel consumption (of the generator) at time . It may represent actual fuel consumption or, in a broader sense, refer to a cost function associated with power generation (to include components such as cost of equipment degradation and maintenance, operational cost, pollution, etc., in addition to direct fuel cost). The fuel consumption may thus be measured in various units such as: volume of hydrogen per second for a fuel cell type generator or, if the source is an electric battery, the fuel consumption can be measured in watts. Consumption can be also measured directly in units of dollars per hour, representing the capital spent for power generation.
is the generator's (source) efficiency, defined by (1) . We assume that the fuel consumption is a function of the power generated by the source. Further, we assume that this function is monotonically increasing-, because more power generation implies increased fuel consumption. Additionally, we assume this function to be convex, . As a result, the efficiency of the source must be a monotonically decreasing function. This type of dependency between power output and efficiency is typical for most real-world sources: as the power output is increased, efficiency decreases. Fig. 2 illustrates typical fuel and efficiency functions. The typical fuel consumption may be noted to be positive, monotonically increasing, and convex with respect to the generated power , and the generator's efficiency is a monotonically decreasing function of . The generated energy is given by (2)
The total fuel consumed by the generator is given by (3)
where is the total process duration. It is a known constant measured in [Sec] .
2) The Load: The load is characterized solely by the power it requires for its proper operation. This power profile is defined by (measured in [Watt] ). We assume that the load power consumption is known at any given time, that is, is a given function. While this assumption is justified for some loads, it may not apply for others. If, for example, the load is representative of some machinery or electronic equipment operated at predetermined times, the power profile is known. On the other hand, if the load is the engine of an electric vehicle, the load profile is difficult to predict. Nevertheless, we assume a deterministic and well-known load profile to simplify the analysis, and avoid complex statistical methods. Since is a known function, is also a known function. The overall efficiency is defined by (5) (5) The power flow is controlled to minimize the overall source fuel consumption, , and thus maximize overall efficiency.
3) The Energy Reservoir:
The reservoir stores energy for later use and may be realized by means of various energy storage devices and technologies. Power fed to the energy reservoir or discharged from it is denoted by . is taken positive when power is going into the reservoir, and negative when the reservoir supplies stored energy back to the system. The energy stored in the reservoir is denoted by . We assume that the reservoir is lossless, meaning that all the energy stored in the reservoir can be eventually reused by the system. Capacitors, for example, are nearly lossless, since the energy lost during charging is negligible compared with the stored energy. The lossless reservoir is characterized by (6)
The stored energy is limited by the reservoir energy storage capacity, denoted as . The constraint on energy storage is expressed by (7) (7) If the reservoir is charged to , no additional energy can be stored in it. On the other hand, if the reservoir is empty, it cannot supply energy to the load.
It should be noted that, when applying optimization to practical systems, the storage capacity to be employed is not necessarily the maximal storage capacity of a device, but rather it is determined by the specific technology constraints. For instance, if a capacitor is used as a reservoir, its voltage may be bounded by two voltage levels: the lower voltage level, , may reflect the minimum voltage that can be processed efficiently by the power conditioning circuits. The upper voltage level, , is typically the maximum allowed voltage for this capacitor. In this case, the energy capacity would be given by rather than .
4) The Power Conditioning Network:
The power conditioning network manipulates and controls the flow of power. For small systems, the power conditioning is implemented by means of power electronics devices, such as switched mode high-frequency dc-dc converters. We treat the power conditioning network as a "black box" that ideally controls the flow of power [26] .
The energy that might be momentarily stored in the conditioning network is assumed to be negligible when compared with the energy processed. Moreover, the network is assumed to be lossless. Because of these two properties, the power balance may be expressed as in (8) (8) The conditioning network matches the operation point of the source and reservoir, so it can determine their momentary powers. Therefore, and are controllable. A control algorithm can determine these powers at any given time. However, the load requires the exact power profile given by . Hence, while the generated power is an independently controlled value, the reservoir power is a resultant value, according to (8) . The controllable and fixed powers are summarized in Table I .
III. OPTIMAL POWER FLOW PATH

A. Problem Definition
The optimal controller determines the generated power that maximizes the overall efficiency . There are two constraints: first, the power demanded by the load must be supplied timely. This condition is automatically fulfilled if is controlled according to (8) . Second, the constraint of energy storage, given in (7), must be met. Substituting (6) and (8) in (7) results in the following constraint: (9) By replacing powers and energies (substituting (2) and (4)), the following constraint is obtained: (10) The optimal control problem is summarized by (11) (11) Recall that is a known function, and , the energy storage capacity, is a known constant. Moreover, is the derivative of . Therefore, the only unknown in (11) is the generated energy . A solution that obeys (11) represents the optimal power flow. It maximizes the overall efficiency, while delivering adequate power to the load, and obeying the reservoir energy limits. Therefore, the goal of optimal design is minimization of the energy generated during the process, , representing the total process duration. Fig. 3 . When not bounded, the optimal generated energy W (t) must follow a straight line.
B. Optimal Power Flow Path Between Bounds
Instead of solving directly, two general features of the optimal solution are first established. These features will later help to discover the complete solution.
The first feature is that while in between the bounds , the optimal generated energy path must follow a straight line as illustrated in Fig. 3 . The generated power is the derivative of , thus an equivalent claim is that the optimal generated power is constant when not forced otherwise by the energy constraints.
Proof: It is shown that between known generated energy edge points, total fuel consumption is minimized by a constant generated power . This sub-problem is defined by (12) (12) The time instances
and energy values are assumed known and constant (see Fig. 3 ). An equivalent problem is Applying the Lagrange-multipliers method, the following set of equations is obtained (for every time )
where is assumed convex, so the inverse of its derivative is well defined. Therefore
We have proved that when not bounded, the generated power is constant, so the generated energy is a straight line, as claimed.
C. The Continuity of the Optimal Generated Power Path
A second feature of the optimal solution is that the optimal generated power, , must be a continuous function. Here is the proof: We have already proved that when not bounded, the optimal generated power is constant. Obviously, it must be continuous. So, we need to prove that the generated power is continuous when intercepting the energy bounds. Discontinuity of generated power is illustrated in Fig. 4 . Without loss of generality, consider the case in which the generated energy reaches its lower bound , at time , so the stored energy is zeroed at , . Before , the generated power equals a constant . (This is illustrated in Fig. 4 ) The generated power is given by where must be smaller than , otherwise, the stored energy cannot be zeroed.
Consider an alternative generated power , given by where and are positive constants. The solution is legal, because its generated energy is larger than at . Moreover, the generated energy of both solutions is equal outside the range , so there is no effect on the solution outside this range.
We prove that if the generated power, , is discontinuous, the alternative solution decreases the total fuel consumption, so a discontinuous cannot be optimal. The total fuel consumption of both solutions is given according to (3) Fig. 5 . The curve of generated energy must tangent its bounding constraints.
The difference in total fuel consumption is given by
The solutions are equal outside the range , and therefore canceled from this equation. Rearranging the integrals, and using the definitions of generated power
Assume
. By using a first-order Taylor approximation:
Rearranging Assume . By using the definition of a derivative is a convex function, so is monotonically increasing, and we have already shown that must be smaller than , therefore, must be negative So, a discontinuous cannot be optimal, meaning that the optimal solution must be continuous.
The feature of continuity is important for the graphical design of the optimal solution, since it has an intuitive graphical interpretation: The optimal generated power is continuous, so the derivative of generated energy, , is also continuous. Therefore, the curve of optimal generated energy must tangent its bounding constraints. This feature is illustrated in Fig. 5 .
D. Designing for the Optimal Power Flow
Two features of the minimal generated power have been verified.
• When not bounded, the optimal generated energy must follow a straight line; • The curve of optimal generated energy must tangent its bounding constraints. There is only one legal solution that includes both features, so together, the two features define the optimal solution.
The graph of energy constraints can be used to design the optimal generated energy, which is a legal curve that obeys both features presented earlier. This design process is demonstrated by an example described in the following section, and illustrated in Fig. 8 .
After the path that results in minimal generated energy is found, the powers can be calculated in a straightforward manner applying (2) and (8)
E. Geometrical Interpretation of Optimal Solution
The optimal solution is completely described by the two features presented earlier not depending on the fuel cost function . Hence, the optimal power flow is the same, regardless of the particular fuel-cost function, . We can choose an arbitrary fuel function without changing the solution. Consider the convex fuel function of the form This function has the particular significance. It is the infinitesimal length of the energy curve, . The total length of the curve is given by
The optimal solution minimizes this function, so the optimal generated energy path is the shortest energy path within the bounds of energy constraints. This conclusion is an alternative definition for the optimal generated energy. It can be used for an intuitive graphical design of the optimal generated energy, by plotting the shortest curve of generated energy bounded by its constraints. This design process is demonstrated in Fig. 8 .
F. Optimal Capacity for Increased Operation-Time of Autonomous Systems
For many portable systems, the lifetime is a critical parameter. Secondary storage can be used to increase the power system's efficiency, so the lifetime is extended accordingly. Consider, for example, the power system of a cellular phone, or a laptop computer. A secondary storage (e.g., super-capacitors) can be used to increase the efficiency, thus prolonging the batteries' lifetime.
Using additional storage adds volume, weight, and cost to the system, on account of the primary power source, so the capacity of storage should be balanced against using more fuel (additional batteries). We analyze the optimal capacity that enables the longest lifetime.
We want to maximize the lifetime, given by
The average load's power consumption, , is assumed to be known and constant, so it is sufficient to maximize the following:
The total fuel (e.g., number of batteries) and the storage capacity, , is bounded by a joint constraint of total "price"
where is the total price, given by units of choice ( , kg, dollars, etc.), is the price per unit of fuel, and is the price per unit of installed capacity. By substituting the constraint to the target, we obtain the following expression: or, by multiplying by ,
The optimal capacity, resulting in longest lifetime, is obtained by maximizing this equation over . This is done by analyzing the derivative and equating it to zero, resulting in (13) If this equation has a positive solution of , it is the optimal capacity. However, if a positive solution does not exist, the maximum lifetime is obtained by choosing . In this case, all resources should be allocated to carrying fuel (batteries) and secondary storage should not be used.
IV. OPTIMAL POWER MANAGEMENT OF A LOSSY RESERVOIR
In this section we analyze the special case of a lossy reservoir, which is not constrained by maximal storage capacity. The reservoir loss part of the energy when charged, and when discharged. Assuming constant efficiency, we denote the efficiency of charging energy into the reservoir, and the efficiency of discharging the reservoir. is the combined efficiency of stored energy round-trip, in and out of the reservoir. The stored energy is given by The reservoir cannot provide energy which it has not yet accumulated, that is, for all . However, at the end of the process, unused stored energy is obviously inefficient,so the reservoir must be completely discharged. We define the total time of the process, that is . The optimal control rule is summarized by By substituting (8), is eliminated from the equation, and only the independently controllable power remains. See the equation at the bottom of the page.
This constraint optimization problem is solved by using the Lagrange-multipliers method. We denote . All variables , must obey the Lagrange condition is the Lagrange coefficient. This simplifies to
The inverse of the derivative is taken on both sides of this equation, obtaining an explicit expression for the generated power (14) where and are constants, defined by stands for the inverse function of the derivative, meaning . The constants and should be determined without having to solve for the Lagrange coefficient . These two constants can be directly evaluated by equating at both equations, resulting in
The second equation is obtained by choosing and so that stored energy is zeroed at the end of the process, resulting in Or putting this equation in words, the energy supplied to the load when consumption is high must be balanced by the surplus energy, which was charged in times of low consumption.
There is a lower limit to the efficiency of the reservoir (efficiency of energy round-trip). Beneath it, overall efficiency cannot be improved. We denote this lower limit as
. If the efficiency of the reservoir is lower or equal to this limit , storing energy is always less efficient than directly supplying the load.
This lower limit is evaluated in the following section. If , the optimal solution must result in zero stored energy. Therefore, the power entering the reservoir is constantly zero, . This condition is satisfied if . The reservoir efficiency equals its lower limit, so the inequalities are satisfied as exact equalities, resulting in And by fixing , the lower limit is obtained (15) V
. DESIGN EXAMPLE-FUEL CELL POWERED LOCOMOTIVE
A locomotive is powered by a fuel cell as its primary source of energy. A secondary reservoir of ultra-capacitors is used to improve the transient response and efficiency of the power system. Such systems were described by Steiner et al. [25] .
The electric power system is illustrated in Fig. 6 . The flow of power is controlled by two power converters. Its operation point determines the instantaneous powers. In this example, the load is the motor and is the power running it, which is the load, is the power generated by the fuel cell, is the power charging the capacitors bank, and is the energy stored in the capacitors bank.
The fuel cell converts the chemical energy of hydrogen into electric power [19] . An approximation of its efficiency and fuel function are given by (16) (16) where generated power, , is measured in Mega-Watt [MW], the fuel is measured in hydrogen mass per second [gram/sec], and the fuel cell's efficiency is measured in energy per hydrogen mass [Mega-Joule/Gram]. Note that under this definition, the efficiency may take values greater than unity. The constant 0.003 MJ/gram represents the energy equivalence of hydrogen. The constant 0.4 MW is to some extent arbitrary, and represents the power at which the generator's efficiency is halved. The power needed by the motor in a certain part of the road is described in Fig. 7 .
The capacitors can store energy, which is limited by its capacity . This constant is proportional to the amount of capacitors used. To increase capacity, more capacitors are needed, adding to the size, weight, and cost of the system. So, the amount of capacitors represents a trade-off between energy efficiency and factors such as cost and size.
For a given capacity , we plan the optimal power flow that minimizes the total hydrogen consumption, thus maximizing total efficiency. Fig. 8 illustrates the design process and the resulting powers. Optimal generated energy is designed on Fig. 8 . A design example of a locomotive powered by a fuel cell, with ultra-capacitors energy storage. Optimal powers and energies are designed for four given capacities. Optimal generated energy (bold line) is the shortest curve across the graph of energy constraint (top graph of each window). Generated energy must tangent the energy constraints, and is a straight line when between bounds. The stored energy is upper bounded by the capacity (dashed line). Generated power (bold line) is either a constant or equals to the load's power consumption. the graph of energy constraints. The optimal generated energy is the shortest curve across the graph. It is plotted according to the two features of the optimal solution: It tangents the energy constraints, and is a straight line while between bounds.
As the storage capacity increases, the generated energy path becomes straighter and shorter. If the capacity is low, the generated energy path must curve to obey this constraint. This is illustrated in Fig. 9 . Fig. 10 shows the optimal total efficiency versus storage capacity. The efficiency is normalized to the efficiency of a system with no reservoir (corresponding zero capacity), defined as . Since the total energy delivered to the load is equal regardless of the storage capacity, this ratio also equals to the ratio of total fuel consumptions, which, in other words, is the reduction of hydrogen consumed during the process.
VI. DESIGN EXAMPLE-CELL PHONE
A typical power consumption pattern of the author's cellphone has been recorded. The primary battery source losses power when the consumption is high. Thus a secondary, relatively lossless storage device (super-capacitor) may be used to increase overall efficiency. Fig. 11 displays the measured power consumption, , alongside the corresponding optimal generated power,
, for a storage device with only 0.2 Joule storage capacity. This capacity may be realized by using a capacitor (or super-capacitor) weighting a few grams. 
A. Optimal Power Management
The optimal power management always obeys the same principle: when the consumption is low, energy is stored in the reservoir. This stored energy is re-supplied to the load when consumption is high. When not constrained, the generated energy versus time is a straight line, so the optimal generated power is a constant. This can be seen in Fig. 8(a) . However, large amount of energy should be stored to achieve this perfect energy balancing.
If storage capacity is too small for this amount of energy, power management must change, making the optimal power management under the constraint of limited capacity more complicated.
The graph of energy constraint is a graphical tool for designing the optimal power management with limited capacity. The optimal generated energy for a given scenario is obtained by plotting the shortest curve across this graph. This design principle is demonstrated in Fig. 8 . The optimal generated energy can also be defined by two principles.
• When not bounded, the optimal generated energy follows a straight line; • The curve of optimal generated energy must tangent its bounding constraints. These two principles completely describe the generated energy graph and so they define it. An energy graph obeying these two principles must also be the shortest one. The two definitions for the optimal generated energy are equivalent.
The optimal generated power is either constant or equals to the load's power consumption. [See generated power in Fig. 8 ]. This outcome results from the first principle mentioned earlier: When not bounded, the optimal generated energy follows a straight line. Generated power equals the energy's derivative, so it must be constant. Otherwise, generated energy must reside on one of the bounds, so generated power must equal to load's consumption.
One can imagine that the energy bounds curve the graph of generated energy. If energy capacity is high [ Fig. 8(a) ], generated energy becomes a straight line. However, when capacity decreases, the generated energy curves to fit the constraints, while taking the shortest path across the graph. In the other extreme, if energy capacity is very low [ Fig. 8(d) ] or non-existent, the upper and lower energy bounds combine, and so generated energy must equal its bounds. Therefore, generated energy must equal to the load's power consumption, verifying (8) . So, as the capacity increases, generated energy is straighter and shorter, so generated power is regulated to be more constant. On the other hand, if the capacity is low, generated energy must curve to fit the bounds. This is illustrated at Fig. 9 .
B. Storage Capacity and Efficiency
Lossless energy storage always improves the overall efficiency. Moreover, the extent of efficiency improvement depends on the capacity of the reservoir. The larger the capacity, the larger the improvement of efficiency. However, there is an upper limit to the capacity. If capacity is increased above its limit, efficiency is no longer improved (Fig. 10) . The upper limit of capacity is the marginal capacity at which generated energy is a continuous straight line, resulting at maximum possible efficiency. If capacity is further increased, generated energy remains unchanged (a straight line), so efficiency is not improved. This is demonstrated by Fig. 8(a) , at which capacity is larger than its upper limit. In this case, generated energy is a straight line, so increasing the capacity does not improve the power management or efficiency.
While increasing the installed capacity improves the efficiency, it also increases the size, weight, and cost of the system. The capacity that maximizes the lifetime of a system is analyzed. If the derivative (13) has a positive solution, this solution is the optimal capacity. However, if there is no positive solution, it is best not to use energy storage.
C. Optimal Solution and the Fuel Function
The optimal solution is defined by the shortest path across the graph of energy constraints. As a result, the optimal power management is the same regardless of the fuel function, . This makes the optimal solution robust, because it is unaffected by changes of the fuel function over time. Moreover, the optimal power management can be calculated without even knowing the fuel function. Nevertheless, the fuel function is not meaningless, because it determines the total fuel consumed during the process, and so defines the efficiency of the power system.
D. A Lossy Reservoir
An unlimited but lossy reservoir has also been analyzed. The optimal control of powers is given explicitly by (14) . It turns out that when the load's power consumption is exceeds a certain threshold or reduces below one, it is most efficient to keep the generated power constant at predetermined levels, defined by or respectively, while compensating the difference by power supplied from the reservoir to the load (or injected to the reservoir). For intermediate consumption levels, storing energy turns out to be inefficient, so the generator supplies the load directly, and the stored energy is unchanged.
There is a lower limit for the reservoir efficiency, given by (15) . If the efficiency of stored energy in-and-out is lower or equal to this limit , employment of the reservoir cannot improve the overall system's efficiency.
E. Advantages and Limitations of the Proposed Approach
The model is simple enough to be solved analytically. The graphical representation of the problem (the graph of energy constraints) provides an insight of the optimal power flow management. The effect of storage capacity on the optimal power flow and total efficiency can be understood by using this illustration of the problem.
In addition, the power system model is generic. It may be adopted to describe any type of fueled system featuring energy storage. The principles of optimal power flow are developed independently of the generator and reservoir technology. Large capacity reservoirs, as well as small ones, are treated with the same mathematical methodology. Various types of fueled power systems can be described by the model, ranging from battery-assisted implanted medical sensors at the low power range, to a cellular phone and a laptop computer, up to an electric train power system or a power grid.
The simplicity of the model is also a limitation. The model is oversimplified to accurately describe practical complex systems. For instance, the reservoir is assumed lossless. This is a good approximation for small storage devices, such as super-capacitors. However, this assumption does not hold for large-scale reservoirs such as pumped-hydro-storage. Moreover, the load profile is assumed to be known in advance. While true for some systems, this assumption is unrealistic for other systems. Practical complex systems require probably more accurate models, which must be solved numerically.
F. Implementations
The proposed approach can be adopted for the design of simple power systems. For example, the lifetime of laptop computers and cell phones (Fig. 11) can be increased by using secondary energy storage devices. The solution may also aid in the design of complex power systems if applied in conjunction with a more detailed numerical simulation based model. For such systems, it will provide a first-order solution to be refined by the simulation tool, and it can also provide verification of a numeric solution.
VIII. CONCLUSION
An analytic design method for systems with limited storage capacity is presented. The power management is evaluated using a graphical design procedure. The optimal generated energy is the shortest path across the graph of energy constraints. As the storage capacity increases, the path of generated energy becomes straighter and shorter, so generated power is regulated to be more constant. The proposed solution enables designers to wisely choose the storage capacity for an application, optimizing efficiency versus cost, weight, and size. The analytic graphical solution provides an insight into optimal energy management, without using numeric simulations.
